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5) Further increase of canting angle 1.9–2.7 deg results in quasi-
periodic motion.

6) From 2.7 to 3.0 deg periodicity again appears.
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Introduction

I T is likely that future large space structures will be constructed
by docking several modules together in orbit. Before docking,

each module is stabilizedby its own controller.However, the stabil-
ity of the connectedsystem is not guaranteedby the local controllers
because they are designed for the isolated subsystems. In view of
this, there is a need to design a stabilizing controller for the dock-
ing case when the plant propertiesdrasticallychange.Decentralized
control technology, which has the potential capability to stabilize
interconnectedsystems with informationconstraints,seems to meet
this requirement. A great deal of research has been carried out on
this problem.1¡5 Their common framework is to obtain decentral-
ized control system stability under the structural perturbations that
result when modules are connected and disconnected in arbitrary
ways. By this method, a set of local controllers achievesconnective
stability for space structures of arbitrary con� guration. However,
this is not necessarily the case in an actual construction scenario. It
is usual that space structures are constructed by connecting new
modules to already existing structures one after another. In this
case, only the local controller of the new module should be de-
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signed so as to stabilizethe connectedsystem, without changing the
existing system. This is called the expanding system problem.6¡8

This Note investigates stabilization during this type of construc-
tion. The controllerdesign procedure is formulated in a ¹ synthesis
framework, and a simple numerical example is used to illustrate its
capability.

Problem De� nition
Consider a space structure to be constructed in orbit by con-

necting two modules 1 and 2 . The mathematical models of
i .i D 1; 2/ are described by modal equations:

Mi Rpi C Di Ppi C K i pi D L i ui ; yi D Hi pi (1)

where pi 2 RNi is the modal coordinate vector and ui and yi are
the control input and measurementoutput vectors, respectively.The
diagonal matrices Mi , Di , and K i are the mass, damping, and stiff-
ness in modal space. The connected system after docking can be
modeled by a direct � nite element method (FEM) analysis or by
a component mode synthesis.9 Regardless of the approach taken,
however, it is ultimately described by another modal equation as
follows:

M Rp C D Pp C K p D L :1u1 C L :2u2
(2)

y1 D H1: p; y2 D H2: p

where p 2 RN is the global modal coordinate after docking. The
purpose of decentralized control synthesis is to obtain a pair of
controllers

ui D Ci .s/yi (3)

for i D 1; 2, whichstabilizes 1 , 2 , and . We designthe controllers
by the following two steps: 1) design C1.s/, which stabilizes 1,
and 2) design C2.s/, which stabilizes 2 and O simultaneously,
where O is the closed-loop system of with the controller u1 D
C1.s/y1. Becausethe � rst step is the ordinaryvibrationcontrolprob-
lem, it will not be discussed in detail here. The design problem of
C2.s/ is investigated in the next section.

Controller Synthesis
We � rst derive two conditions for C2.s/ to stabilize 2 and O

independently. It will then be shown that the latter condition in-
cludes the former under an assumption. The controller must be a
reduced-order controller because the model order of Eqs. (1) and
(2) is excessively large. This is an essential requirement for a vi-
bration control problem. To investigatethe controller stabilizing 2,
Eq. (1) is rewritten in the frequencydomain as y2 D P2.s/u2. Then
we separate P2.s/ into a control model Q2.s/ and a residual model
R2.s/ as P2.s/ D Q2.s/ C R2.s/. We regard Q2.s/ as the nominal
model whose state-space realization is Q2.s/ D C.s I ¡ A/¡1 B,
where A 2 R2n2 £ 2n2 and n2 ¿ N2. Then 2 is equivalent to an
extended system:

y2 D Q2.s/u2 C w2; z2 D u2

having the model error loop w2 D R2.s/z2 . Therefore, if C2.s/ sta-
bilizes Q2.s/ and satis� es

kR2T k1 < 1; T .s/ D C2.s/[I ¡ Q2.s/C2.s/]¡1 (4)

then 2 is robustly stabilized against R2.s/. Next, the condition
under which C2.s/ stabilizes O is considered. From Eq. (2), is

y1 D P11.s/u1 C P12.s/u2; y2 D P21.s/u1 C P22.s/u2

in the frequency domain. Then the closed-loop system O produced
by C1.s/ becomes

y2 D OP2.s/u2; OP2 D P21C1.I ¡ P11C1/¡1 P12 C P22 (5)

We again describe Pi j .s/ D Qi j .s/ C Ri j .s/ for i; j D 1; 2 so that
Q i j .s/ has the same numberof modes as Q2.s/; i.e., its realizationis
Q i j .s/ D Cqi .s I ¡ Aq /¡1 Bq j , where Aq 2 R2n2 £ 2n2 . In the sequel,
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we make a generalized plant including the nominal model Q2.s/
whose linear fractional transform with the model error is equiva-
lent to Eq. (5). Then the controller C2.s/ is designed such that it
makes Q2.s/ internally stable and robustly stable against model
errors caused by the connection.For this purpose, the residualmod-
els are normalized as Ri j .s/ D 1ri j .s/Wr .s/, N¾ f1ri j . j!/g · 1 8!,
where Wr .s/ is a stable proper real rational function. Then we con-
sider the following extended system:

zr1 D Wr .s/wc; zr2 D Wr .s/u2

zc D C1.s/ wr1 C Q11.s/wc C Q12.s/u2 (6)

y2 D wr2 C Q21.s/wc C Q22.s/u2

It can be shown that the upper linear transform of Eq. (6) with

wr1 D 1r11 zr1 C 1r12 zr2

(7)
wr2 D 1r21 zr1 C 1r22 zr2 ; wc D zc

yields Eq. (5), by eliminating � ctitious inputs wr1 , wr2 , and wc and
outputs zr1 , zr2 , and zc from Eqs. (6) and (7). Next, we describe
Q22.s/ by Q2.s/ and parameter errors. The real parameter pertur-
bations are described as Aq D A C Ea1a Fa , Bq2 D B C Eb1b Fb ,
and Cq2 D C C Ec1c Fc , where j1i j · 1 for i D a; b; c. By intro-
ducing additional � ctitious input wq and output zq , we can obtain
the following generalized plant from Eq. (6):

zq D F8¡1.s/Ewq C F8¡1.s/Bq1 wc C [F8¡1.s/B C NF]u2

zr1 D Wr .s/wc; zr2 D Wr .s/u2

zc D C1.s/Cq1 8¡1.s/Ewq C C1.s/wr1 (8)

C C1.s/Cq1 8
¡1.s/Bq1 wc C C1.s/Cq1 8

¡1.s/Bu2

y2 D [C8¡1.s/E C NE]wq C wr2 C C8¡1.s/Bq1 wc C Q2.s/u2

where 8.s/ D s I ¡ A, E D [Ea 0 Ec], NE D [0 Eb 0], F T D
[F T

a 0 F T
c ], and NFT D [0 F T

b 0]. Equation (8) is compactly ex-
pressed as

Nz D NQ11.s/ Nw C NQ12.s/u2; y2 D NQ21.s/ Nw C Q2.s/u2 (9)

Note again that the upper linear fractional transformof Eq. (9) with
the model error Nw D N1Nz becomes Eq. (5). Therefore, if C2.s/
stabilizes Q2.s/ and satis� es

¹ N1.Tq/ < 1
(10)

Tq .s/ D NQ11.s/ C NQ12.s/C2.s/[I ¡ Q2.s/C2.s/]¡1 NQ21.s/

then O is stabilized. From the preceding discussion, we have two
conditions that C2.s/ should satisfy. Equation (4) de� nes the class
of C2.s/ stabilizing 2, and Eq. (10) de� nes that stabilizing O . It
can be proved as follows that the latter class includes the former.

Lemma: WhenC2.s/ satis� es¹ N1.Tq/ < 1, if N¾ fR2g <¾ fWr g 8!,
then it also satis� es kR2T k1 < 1.

Proof: Because the controller C2.s/ makes Q2.s/ stable as well
as robustly stable against the perturbation N1, det.I ¡ Q2C2/ 6D 0,
and det.I ¡ N1Tq / 6D 0, 8 N1 and 8! hold. Therefore, even when
N1 D diagf0 0 1r g, the closed-loop system is stable, that is,

det.I ¡ 1r Tqrr / 6D 0; 8!; 81r

, det[I ¡ 1r22Wr C2.I ¡ Q2C2/¡1] 6D 0; 8!; 81r22

, N¾ fWr T g < 1; 8!

) N¾ fT g < N¾ W ¡1
r ; 8!

where Tqrr .s/ is the submatrix of Tq.s/ corresponding from the
input wr to the output zr . Because N¾ fW ¡1

r g D 1=¾ fWr g, if N¾ fR2g ·
¾ fWr g, then N¾ fR2T g < 1.

In summary, what we intend to design is a controllerC2.s/ satis-
fying Eq. (10), under the assumptiongiven in the precedingLemma.
Obviously, such a controller can be obtained using the standard ¹
synthesis algorithm.10

Numerical Example
We consider the case of two beams being connected as shown

in Fig. 1. This discussion is restricted to rotational motion around
the normal axis coupled with bending vibration. Both beams are
assumed to have the same length, L D 5 m, and the same structural
properties,E I D 104 N/m2 and½ A D 1 kg/m. The modal parameters
are obtained from a 10-element FEM model to yield two rigid and
� ve vibrationmodes.By eliminatinga rigid translationalmode from
the modal equation, the control system of each beam having a collo-
cated torqueactuatorand rotationsensorat the tip is stabilizableand
detectable. First, controller C1.s/ is designed as a mixed sensitiv-
ity H 1 problem by considering the rigid-body mode as the control
mode. The robust stability degree assignment method11 is applied
to achieve the prescribed closed-loop poles location. As the next
step, we design C2.s/. By selecting only the rigid-bodymode being
controlled, Q2.s/ D C.s I ¡ A/¡1 B is a single-input/single-output
systemwith A 2 R2 £ 2 . All the vibrationmodesare includedin R.s/
in this numerical study. The weighting function is a second-order
transfer function Wr .s/ D . f1s C f2/=.s2 C e1s C e2/. The param-
eters fi and ei are selected as f1 D 0:84, f2 D 1:44, e1 D 44:3, and
e2 D 1000 to satisfy the condition in the Lemma. For ¹ synthesis,
the controllerC2.s/ satisfyingEq. (10) is calculatedby the iteration
based on the inequality

min
C2

inf
D

DTq D¡1
1

< 1

We performed the iteration three times because no signi� cant im-
provement was observed at the third iteration. Figure 2 shows the
impulse disturbance responses of rotation angles and control inputs
before and after docking. The controller resulting from the � rst it-
eration is shown by dotted lines and that from the second iteration
by solid lines. In the two right-hand graphs of Fig. 2, responses of
y1 and y2 seem to be duplicated.They are the closed-loop behavior
of rotational rigid-body modes. The vibration modes are quickly
damped out as shown by the responses of u1 and u2. Obviously, the
performance of the second iteration is better than that of the � rst
iteration.

Fig. 1 Con� guration of
two-beam connection.

y2 (rad) y1 and y2 (rad)

u2 (Nm) u1 and u2 (Nm)

Fig. 2 Impulse disturbance responses: before docking (left) and after
docking (right) for controller of ¢ ¢ ¢ ¢ ¢ , � rst and ——, second iteration.
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Conclusion
We have proposed a controller design procedure for stabilizing

expandinglyconstructed space structures in a robust control frame-
work. By an example of two � exible beams, its validity has been
shown. Although only a stabilizing problem is discussed herein,
control performance speci� cations can be incorporatedby the simi-
lar formulation.When a large space structure is built by connecting
several modules, a set of local controllers can be designed by re-
peating the procedure sequentially.
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